We describe a model-theoretic setting for the study of Shimura varieties, and study the interaction between model theory and arithmetic geometry in this setting. In particular, we show that the modeltheoretic statement of a certain L ω 1 ,ω -sentence having a unique model of cardinality ℵ 1 is equivalent to a condition regarding certain Galois representations associated with Hodge-generic points. We then show that for modular and Shimura curves this L ω 1 ,ω -sentence has a unique model in every infinite cardinality. In the process, we prove a new characterisation of the special points on any Shimura variety.
Introduction
Consider a connected component of a Shimura variety, which by definition is the quotient of a hermitian symmetric domain X + by a congruence subgroup Γ. Baily and Borel proved in [1] that automorphic forms on X + realise the quotient as a quasi-projective algebraic variety. This variety possesses a canonical model S over some finite abelian extension of a number field E, where E is independent of Γ and referred to as the reflex field. We denote by E ab the maximal abelian extension of E and by E ab (Σ) the field obtained by adjoining the coordinates of the images in S(C) of the special points (see Section 2.3 for the definition of a special point). Provided that Γ is sufficiently small, X + is the universal cover of S(C) and Γ is the fundamental group. By a modular curve we refer to the connected components of Shimura varieties arising as quotients of the upper half-plane H by congruence subgroups of GL 2 (Q). By a Shimura curve we refer to those quotients of H by congruence subgroups of G(Q), where G := Res B/Q G m,B for a quaternion division algebra B over Q split at infinity. In other words,
G(R) = (B ⊗ R)
× for all Q-algebras R. Since B splits over R, G R is isomorphic to GL 2,R and hence the action of G ad (R) + on H. In both cases, E = Q and we recall that Q ab is the field extension of Q obtained by adjoining all roots of unity. In general, one always has a reductive algebraic group G defined over Q such that G ad (R) + acts on X + as holomorphic isometries, where we write G ad for G modulo its centre. However, a principal theme of this paper is that a great deal of arithmetic information is encoded in the action of the countable subgroup
In particular, consider a simplification of the above situation, given by
where X + is now simply a set endowed with its action of G ad (Q) + , S is an algebraic variety defined over E ab (Σ) and p is a set-theoretic map that satisfies three key conditions that for now we will refer to as the standard fibres condition, the special points condition and the modularity condition (see Section 3.2 for the special points and modularity conditions and Section 4 for the standard fibres condition). In this paper we prove that this information is enough to characterise p up to isomorphism: Theorem 1.1 Let S be a modular or Shimura curve and suppose that q : X + → S(C)
satisfies the standard fibres, special points and modularity conditions. Then there exist
• a G ad (Q) + -equivariant bijection ϕ and
• an automorphism σ of C fixing E ab (Σ) such that
commutes.
One can arguably phrase this problem more naturally in terms of model theory. To that end, we consider two-sorted structures of the form D, S, q , where D comprises a set endowed with a group action (see Section 3 for more details), S comprises an algebraic variety with points in some algebraically closed field F and a relation for each of the Zariski closed subsets in its cartesian powers defined over a countable field, and q is a function from D to S. It follows that any connected component of a Shimura variety gives rise to such a structure. In a suitable language L p , we consider the complete first order theory of this structure and adjoin the L ω 1 ,ω standard fibres condition, which says that the fibres of q carry a transitive action of Γ. If we additionally include the axiom that F has infinite transcendence degree, Theorem 1.1 follows from the model-theoretic statement that this sentence is κ-categorical for all infinite cardinalities κ. Our Theorem 5.1 is the statement this holds for any modular or Shimura curve. In Corollary 3.4, we prove that a certain axiomatisation for the first order theory of this structure is complete and satisfies quantifier elimination.
The key theme of this paper, however, is the interaction between model theory and classical results from arithmetic geometry. The difficulty in proving Theorem 1.1 is that mapping one point from X + to another maps its entire G ad (Q) + -orbit (otherwise known as its Hecke orbit). This must be accounted for in the algebraic variety by a field automorphism, which is possible given certain open image theorems concerning the Galois representations associated with points on the Shimura variety or products thereof. Loosely speaking, these imply that a field automorphism can account for all but a finite number of constraints in the Hecke orbit. The remaining constraints are then accounted for via a judicious choice of the map in the first place. Particularly striking, however, is that categoricity actually implies these arithmetic statements via a model-theoretic result of Keisler (see [6] ), restricting the number of types in models of ℵ 1 -categorical L ω 1 ,ω -sentences. This implication is Theorem 4.1.
Our work is motivated by earlier results of this type concerning the universal covers of the multiplicative group (see [20] and [3] ), an elliptic curve (see [13] ) and semi-abelian varieties (see [21] ), originating in a programme of Boris Zilber. Our proof follows the abstract strategy outlined in the aforementioned articles and relies on, largely as a black box, the theory of quasiminimal excellence as in [2] and [7] . We note that Gavrilovich first posed the question for Shimura curves in [13] , Conjecture 9.
Our restriction to the dimension 1 case is due to the abundance of MumfordTate groups that arise in higher dimensions. In dimension 1, the only proper Mumford-Tate groups come from the special points and a key model-theoretic observation of this paper is that, in our setup, the special points always belong to the definable closure of the empty set. This follows from our Theorem 2.3 that any special point is always the unique fixed point of some element of G ad (Q) + . We feel that this result is of independent interest. In general, proper Mumford-Tate groups impose restrictions on the corresponding Galois representations and our language is simply not sophisticated enough to handle this additional level of complexity; in higher dimensional cases the model-theoretic setup will require refinement.
Shimura varieties
For further details regarding Shimura varieties, we refer the reader to [11] . We denote by A f the finite rational adeles and byẐ the product of Z p over all primes p.
Consider a Shimura datum (G, X). By defintion, it consists of a reductive algebraic group G over Q and the G(R)-conjugacy class X of a homomorphism h : S → G R satisfying the three axioms SV1-SV3 of [11] , p50. Let X + be a connected component of X; it is known that its stabiliser in
and let C be a set of representatives for the finite set
Note that the action of G(Q) + on X + factors through G ad (Q) + . Therefore, the elements of G ad (Q) + may be thought of as functions from X + to itself.
The double coset space
where G(Q) acts diagonally, is equal to the finite disjoint union
where Γ g := G(Q) + ∩gKg −1 . When the Γ g are sufficiently small, the members of this union may be realised as locally symmetric varieties i.e. Sh K (G, X) possesses the structure of a quasi-projective variety over C. By [11] , Theorem 3.12, any congruence subgroup is sufficiently small when its image in G ad (Q) + is torsion free. We will temporarily impose this condition on our definition of a Shimura variety. Nonetheless, in Section 5.3 we will address the case when Γ is not torsion free in G ad (Q) + , for example when G = GL 2 and Γ = SL 2 (Z). A further property of Sh K (G, X) is that it possesses a canonical model over its reflex field E := E(G, X). Now let Γ denote Γ g for some g ∈ C and consider the connected component Γ\X + . We lose no generality if we assume that g is the identity. Let S be the corresponding irreducible component of the canonical model, which is always defined over E ab . Let
denote the surjective map from X + to S(C) given by automorphic forms. We refer to S as a Shimura variety, rather than as a connected component of a Shimura variety.
The image of the map
) is an algebraic variety defined over E ab .
Proof.
Consider the compact open subgroup
of G(A f ). The image of f is an irreducible component of the image of the map
induced by the morphism of Shimura data coming from
By [11] , Theorem 13.6, this map is defined over E and the connected components of Sh K ′ (G, X) are defined over E ab .
Modular curves
For G take GL 2 and for X take the GL 2 (R)-conjugacy class of the morphism h : S → GL 2,R defined by
This gives a Shimura datum and the corresponding reflex field is Q, whose maximal abelian extension is the field obtained by adjoining all roots of unity. The set X is naturally in bijection with the union of the upper and lower half planes in C and for X + we take the upper half plane H. The stabiliser of H in GL 2 (Q) is the subgroup GL 2 (Q) + of matrices with positive determinant. For K we take any compact open subgroup of GL 2 (A f ), which we may assume to be contained in GL 2 (Ẑ). The quotient of H by Γ := K ∩ GL 2 (Q) + has the structure of an algebraic curve with a canonical model S over Q ab . We refer to S as a modular curve.
Consider the following choices for K:
We have K(N) ∩ GL 2 (Q) = Γ(N), where
the principal congruence subgroup of level N (note that any compact open subgroup K of GL 2 (A f ) contains a K(N) with finite index). Then S(C) is the moduli space for isomorphism classes of elliptic curves with level-N structure.
•
We have
Then S(C) is the moduli space for isomorphism classes of elliptic curves with a cyclic subgroup of order N.
We have K 1 (N) ∩ GL 2 (Q) = Γ 1 (N), where
Then S(C) is the moduli space for isomorphism classes of elliptic curves with an element of order N.
• When N = 1 we have
Of course, while we are imposing the torsion free condition on Γ, we are forced to assume N ≫ 0.
Shimura curves
Let B be a quaternion division algebra over Q split at infinity. Then B splits at almost all primes p, namely those not dividing its discriminant. Let G be the algebraic group defined by
We have that G Qp is isomorphic to GL 2,Qp for almost all primes. Since B splits over R, G R is isomorphic to GL 2,R and so G(R) acts on the union of the upper and lower half-planes. Therefore, X and X + are taken as in the previous section and (G, X) is again a Shimura datum.
Choosing a neat compact open subgroup K of G(A f ), we obtain a congruence subgroup Γ := K ∩ G(Q) + . The quotient Γ\H has the structure of a compact algebraic curve with a canonical model S. We refer to S as a Shimura curve. It parametrises abelian varieties of dimension two with quaternionic multiplication and additional data. This is potentially a subset of a more general definition of Shimura curves since we have restricted to quaternion algebras over Q.
Special points
Recall the definition of a special point:
We believe the following is a new characterisation of special points. It is essential for the purposes of this paper, but we also believe it should be interesting in its own right. For example, it implies that in certain realisations of X + special points are always algebraic (see §1, [5] ).
Theorem 2.3 Let (G, X) be a Shimura datum and let X + be a connected component of X. For any x ∈ X + , the following are equivalent:
(1) The point x is special.
(2) There exists a g ∈ G ad (Q) + with the property that x is the unique fixed point of g in X + .
Proof. Firstly, assume that (2) holds for h ∈ G ad (Q) + and let g ∈ G(Q) be a lift of h. Let M := MT(x) be the Mumford-Tate group of x i.e. the smallest algebraic subgroup H of G defined over Q such that x factors though H R . By [19] , Lemma 2.2, since g fixes x, g belongs to the centraliser of M(Q) in G(Q). Let X M be the M(R)-conjugacy class of x and let X + M be a connected component of X M contained in X + . Since g fixes every element of X + M , it must contain only one element. Therefore, M is commutative and, by the general theory of Shimura varieties, reductive. Hence, M is a torus and x is special. Now assume that (1) holds. Therefore,
where T is a maximal torus of G, defined over Q. Let π : G → G ad be the natural morphism and let S := π(T ). Let K ∞ be the connected maximal compact subgroup of G ad (R) + constituting the stabiliser of x. Then S(R) is a maximal torus of K ∞ . Note that K ∞ is also the stabiliser of x in G ad (R) but it is not necessarily a maximal compact subgroup of G ad (R); consider the difference between O(2) and SO(2), for example. Hence, the theorem does not extend to X.
Suppose S(R) fixes another point gx ∈ X + for some g ∈ G ad (R) + . Then g −1 S(R)g is contained in K ∞ and, since all maximal tori in connected compact lie groups are conjugate, there exists k ∈ K ∞ such that
Therefore, gk belongs to the normaliser N of S(R) in G ad (R) + . Note that, since S is maximal and G ad is reductive, the centraliser of S in G ad is S itself. Therefore, the quotient N/S(R) is the (finite) Weyl group of
Hence, N is also compact and, since all maximal compact subgroups in real lie groups are conjugate, it must be contained in
h is contained in K ∞ and, since all maximal tori in connected compact lie groups are conjugate, there exists a k ∈ K ∞ such that
Thus, hk ∈ N and so h = nk for some n ∈ N. Therefore, hK ∞ h −1 is equal to nK ∞ n −1 and N is contained in K ∞ . We conclude that g ∈ K ∞ and x is the unique point of X + fixed by S(R). Now let s ∈ S(Q) be a regular element. By this we mean an element s ∈ S(Q) such that the centraliser Z G ad (s) of s in G ad is equal to S. These are precisely the elements not belonging to ker(α) for any of the finitely many roots α of S. Note that, since S is maximal, the union of these subvarieties and their Galois conjugates is a proper closed subvariety of S. Hence, regular elements in S(Q) do exist.
Suppose that s fixes a point
Hodge-generic points
Recall the definition of a Hodge-generic point:
Again, we can find a more model-theoretic characterisation. The following property of Hodge-generic points follows immediately from [19] , Lemma 2.2: Proposition 2.5 Let (G, X) be a Shimura datum and let X + be a connected component of X. Let x ∈ X + be Hodge-generic and let g ∈ G ad (Q) + fix x. Then g is the identity.
In this paper we will restrict our attention to Shimura varieties of dimension 1 for the reason that, in this situation, every point is either special or Hodge-generic. To see this, note that any proper Mumford-Tate group gives rise to a special subvariety (see, for example, [11] , Theorem 5.16). In particular, our models will satisfy uniqueness of the generic type defined in [2] , Definition 2.1, QM4.
Galois representations
Let S be a Shimura variety. Consider the the image of the map 
where we denote by e the identity. Consider a subset of {g 1 , .., g n }, which we denote {h 1 , ..., h m } for some m at most n. We obtain another tupleh := (e, h 1 , ..., h m ) and a finite morphism Zḡ → Zh via the natural map
whose fibres carry a transitive action of Γh. If Γḡ is normal in Γh, then this action factors through the group Γh/Γḡ. On Zḡ this action is given by regular maps defined over E ab so, if z ∈ Zh has coordinates in an extension L of E ab , then the action of Aut(C/L) on the fibre above z commutes with the action of Γh/Γḡ. Therefore, by [16] , §6, since this action is without fixed points (by virtue of Γ being torsion free in G ad (Q) + ), we obtain a continuous homomorphism
In particular, we obtain an inverse system of varieties with finite morphisms to S(C), indexed by tuplesḡ = (e, g 1 , ..., g n ) of distinct elements in G ad (Q) + such that Γḡ is a normal subgroup of Γ. Note that, for any g ∈ G(Q), the double coset ΓgΓ is the disjoint union of finitely many single cosets hΓ, where h ∈ G(Q) (see [12] , Lemma 5.29). It follows that this system of normal subgroups is coinitial in the system coming from all tuples.
The limit
.., g n ) such that Γḡ is normal in Γ acts transitively on the fibre above a point in S(C). Therefore, if z ∈ S(C) has coordinates in an extension L of E ab , then we obtain a continuous homomorphism
Similarly, if we take a tuple of pointsz := (z 1 , ..., z m ) ∈ S(C) m with coordinates in an extension L of E ab , then the action of Aut(C/L) on the fibre abovez is given by a continuous homomorphism
Model theory
In this paper we will consider three types of model-theoretic structures, two of which will be one-sorted and the other two-sorted. Let S be a Shimura variety. When we refer to the covering structure, we refer to a one-sorted structure of the form
where D is a set, and each f g : D → D is a unary function. These functions will correspond to a left action of G ad (Q) + on D, and we will usually write g instead of f g , and G ad (Q) + instead of {f g } g∈G ad (Q) + . In particular, we will write a covering structure as
We denote by L G the natural language for these one-sorted structures. When we refer to the variety structure, we refer to a one-sorted structure of the form
where S(F ) are the points of S in an algebraically closed field F and R := R(F, E ab (Σ)) is a set containing a relation for every Zariski closed subset of S(F ) n defined over E ab (Σ) for all n ∈ N. We denote by L S the natural language for these one-sorted structures.
Finally, when we refer to the two-sorted structure, we refer to a two-sorted structure of the form
where D is a covering structure, S is a variety structure and q is a function from D to S. We denote by L p the natural language for these two-sorted structures, namely the combination of L G , L S and a function symbol between the two sorts. Note that we use the abbreviation qftp as shorthand for quantifier-free type and we use a subscript to denote the language in which we are taking this type.
Clearly, S determines a two-sorted structure
By Theorem 2.3, each special point in X + belongs to the definable closure of the empty set. This is why we include R(F, E ab (Σ)) rather than just R(F, E ab ) in the variety structure. Note that there are only countably many special points since the coordinates of their images in S(C) are algebraic.
Let Th X + , G ad (Q) + be the complete first order L G -theory of the covering structure X + , G ad (Q) + . Note that, for any group G, the class of faithful G-sets is first order axiomatisable. In particular, any model of
+ -set and, furthermore, has well-defined notions of special point and Hodge-generic point: respectively, a point that is the unique fixed point of an element of G ad (Q) + and a point fixed by no element of G ad (Q) + .
Description of the types
Let S be a Shimura variety and let p be the corresponding two-sorted structure. Let Th(p) denote the complete first order L p -theory of p and and suppose that the two-sorted structure
is a model of Th(p).
Proof. By Proposition 2.5, since the x i are Hodge-generic, the only quantifierfree L G -formulae that they satisfy are those of the form x i = gx j , for all g ∈ G ad (Q) + . The union of these formulae is equivalent to the fact that the
lie in the complement of the subvarieties described in Lemma 2.1, which are defined over E ab .
Axiomatisation
Let S be a Shimura variety and let p be the corresponding two-sorted structure. Consider the subvarieties defined over E ab described in Lemma 2.1. For each such subvariety Zḡ and corresponding tupleḡ := (g 1 , ..., g n ) of elements in G ad (Q) + , consider the following L-sentences appearing in Th(p):
Define the modularity condition to be the axiom scheme
For each special point x ∈ X + , choose g x ∈ G ad (Q) + that fixes x and only x in X + , whose existence is ensured by Theorem 2.3. Furthermore, let z x denote its image p(x) ∈ S(C). Consider the following L-sentences appearing in Th(p):
The special points condition is defined as the axiom scheme
Now let T(p) denote the following union of L p -sentences appearing Th(p):
Realising finite subsets of a type
Consider a Shimura variety S and let p be the corresponding two-sorted structure. Suppose that we have two two-sorted structures
which are models of T(p).
Proof. Since q is a model of T(p), the sentence ∀x ∈ D (q (g 1 x) , ..., q(g n x)) ∈ Z is true in q. Note that
is determined by the smallest algebraic subvariety of S(F ) n defined over L containing the tuple in question. Therefore, it is contained in Z and, since Z σ = Z, so is the algebraic subvariety that determines
On the other hand, since q ′ is also a model of T(p), the sentence
is true in q ′ .
Quantifier elimination and completeness
Let S be a Shimura variety of dimension 1 and let p be the corresponding two-sorted structure.
Proposition 3.3 (cf. [21] , Lemma 3.4) Suppose that
is a partial isomorphism with finitely generated domain U. Given any α ∈ D ∪ S(F ), ρ extends to the substructure generated by U ∪ {α}.
Proof. By definition, U is the union of
where U D is the union of the G ad (Q) + -orbits of finitely many x ∈ D and U S is S(L) for some field L generated by the coordinates of the images of these orbits in S(F ) along with finitely many other points in S(F ). Note that ρ consists of a
. First consider the case z ∈ S(F ). We may assume that z / ∈ q(U D ) since otherwise we have z ∈ U S . Then qftp Lp (z/U) is determined by qftp L S (z/L). In this case, we can extend ρ by choosing a realisation of qftp L S (z/L) σ . Now consider the case x ∈ D such that x / ∈ U D . There is a finite subset of elements in S(F ) whose coordinates generate L over the coordinates of q(U D ) adjoined to E ab (Σ). We can replace E ab (Σ) with the extension generated by the coordinates of these elements and, henceforth, assume that U S is generated by q(U D ).
If x is special then there is only one choice for ϕ(x). Therefore, since S has dimension 1, we may assume that x is Hodge-generic. By Proposition g 1 x) , ..., q(g n x))/L) σ over all tuplesḡ := (g 1 , ..., g n ) of elements of G ad (Q) + . By Proposition 3.2, every finite subset of this type is realisable in a model of T(p). Therefore, by compactness, this type is consistent and, since q ′ is ω-saturated, it has a realisation x ′ ∈ D. 
Categoricity
Let S be a Shimura variety of dimension 1, let p denote the corresponding two-sorted structure and let Th(p) denote its complete first order L p -theory. We define the standard fibres condition to be the L ω 1 ,ω -axiom
We denote by Th ∞ SF (p) the union of Th(p), the standard fibres condition and the additional axiom that the transcendence degree of F is infinite.
Our objective is to prove Theorem 1.1. This follows from the modeltheoretic statement that the theory Th ∞ SF (p) is κ-categorical for all infinite cardinalities κ. In fact, given quantifier elimination, κ-categoricity is equivalent to saying that, given any two two-sorted structures
of cardinality κ, there exists a commutative diagram
• ϕ is a G ad (Q) + -equivariant bijection and
• σ is a field isomorphism over E ab (Σ).
Necessary conditions
Let S be a Shimura variety and let p be the corresponding two-sorted structure. Let x 1 , ..., x m ∈ X + be a collection of Hodge-generic points in distinct G ad (Q) + -orbits and let L be the field obtained from E ab (Σ) by adjoining the coordinates ofz := (p(x 1 ), ..., p(x m ) ). We will prove the following theorem:
then the image of the homomorphism
Aut(C/L) → Γ m associated withz has finite index.
The key ingredient in the proof will be the following result of Keisler:
categorical then the set of complete m-types realisable in models of this sentence is at most countable.
Therefore, we will attempt to construct models of Th Note that this system carries an action of G ad (Q) + since the action of α ∈ G ad (Q) + on X + induces a map Γḡ\X + → αΓḡα −1 \X + and this comes from a map of algebraic varieties defined over E ab . We denote the inverse limit of this system by S and denote an equivalence class in Γḡ\X q(g 1 x) , ..., q(g n x)) ∈ Zḡ is equal to the image of [x g ] Γg in Zḡ under the isomorphism
.., p(g n x g )).
Lemma 4.3 The group Γ
Proof. Note that the image of Γ ∞ in G ad (Q) + is a normal subgroup. Therefore, it is a normal subgroup of
and Γ ∞ is discrete. We deduce that the image of Γ ∞ in G ad (Q) + is trivial and, therefore, Γ ∞ is contained in Z G (Q). Therefore, we have an embedding X + ֒→ S given by the map
Denoting p : S → S(C) the natural map, we let D be the union of the following two subsets of S:
We then define q as follows: for D we take the set D with its action of G ad (Q) + , for S we take the algebraic variety S(C) with relations for all of the Zariski closed subsets of its cartesian powers defined over E ab (Σ) and, for q, we take the restriction of p to D. Since T(p) is complete and has quantifier elimination by Corollary 3.4, the following lemma demonstrates that q |= Th(p): 
Therefore,
for some γ ∈ Γ. However, by compatibility, if we denote t := (h, hg −1 ), then we have a component [x t ] Γt such that
It follows that g belongs to the image of the intersection of the h −1 Γh for all h ∈ G ad (Q) + . However, by Lemma 4.3, this is trivial.
Lemma 4.5 The two-sorted structure q satisfies the standard fibres condition.
Proof. We must show that, if p(gx) = p(x), for some g ∈ G ad (Q) + , then g belongs to the image of Γ. The above equality implies that gx g = γx e , where x g and x e are representatives for the components ofx on g −1 Γg\X + and Γ\X + , respectively, and γ ∈ Γ. Note that, by compatibility, we have another component
where γ ′ , γ ′′ ∈ Γ. Since x e is Hodge-generic, our claim follows immediately.
The above construction immediately generalises to the case of n points in S provided that their components are the images of Hodge-generic points and that they lie in distinct G ad (Q) + -orbits. Recall that S is a Shimura variety and p is the corresponding two-sorted structure. Furthermore, x 1 , ..., x m ∈ X + is a collection of Hodge-generic points in distinct G ad (Q) + -orbits, L is the field obtained from E ab (Σ) by adjoining the coordinates ofz := (p(x 1 ), ..., p(x m )). 
By Proposition 3.1, the complete type of (x
over all tuplesḡ := (e, g 1 , ..., g n ).
Assume first that m = 1 and consider the projection
to the first coordinate. Restricted to Zḡ this is a finite morphism corresponding to the natural map
The quantifier-free type
is determined by the minimal algebraic subset of Zḡ containing qḡ(x ′ 1 ). This is a subset of the fibre over q(x , g 1 , . .., g n ) containing the one before it, we obtain another index, equal to the previous index multiplied by an integer. Therefore, either the number stabilises or it continues to increase in, at least, multiples of two. In particular, the index of Aut(C/L) → Γ m is either finite or 2 ℵ 0 . The key point, however, is that our previous construction of models of Th ∞ SF (p) shows that every possible type is realised in some model.
Proof. (Theorem 4.1) We suppose that Th
is not of finite index, then the set of complete m-types realised in models of Th ∞ SF (p) is uncountable. However, by Keisler's theorem this is impossible. Therefore, the index is finite.
Sufficient conditions
Consider a Shimura variety S of dimension 1 and let p be the corresponding two-sorted structure. We define a pregeometry (see [7] , §1) on the class of two-sorted structures
by defining a closure operator cl q := q −1 • acl • q, where acl denotes taking all points in S(F ) with coordinates in the algebraic closure of the coordinates of the points in question.
We define the following two arithmo-geometric conditions: We refer to [7] : note that the pregeometry axioms I.1, I.2, I.3 and the ℵ 0 -homogeneity axiom II.1 of [7] , §1 are easily verified. Thus, by [7] , Corollary 2.2, κ-categoricity for κ ≤ ℵ 1 relies on axiom II.2. 
Equivalently, we have a finite partial isomorphism between q and q ′ . If we denote by L the field generated over E ab (Σ) by the coordinates of the q(x i ), then this isomorphism on the variety structures yields an embedding σ of L into F ′ fixing E ab (Σ).
Let τ ∈ D be a Hodge-generic point in a separate G ad (Q)-orbit from the x i such that the coordinates of q(τ ) belong to the algebraic closureL of L in F . We must show that there exists a τ ′ ∈ D ′ such that
As we have seen, the left-hand side is determined by
over all tuplesḡ := (e, g 1 , ..., g n ). For such a tuple we denote by Lḡ the field generated over L by the coordinates of the qḡ(x i ) and qḡ(τ ) and we let
whereh varies over all tuples such that Γh is contained in Γḡ and is normal in Γ.
Choose an embedding ofL in C yielding, in particular, an embedding of S(L (e) ) in S(C). By Condition 4.7, the homomorphism Aut(C/L (e) ) → Γ m+1 corresponding to the image of (q(x 1 ), ..., q(x m ), q(τ )) in S(C) m+1 has finite index. Therefore, there exists a tupleḡ such that the homomorphism Aut(C/Lḡ) → Γ m+1 g corresponding to the image of (qḡ(
It is a simple property of types that (1) is equivalent to
again varying over all tuples whereh such that Γh is contained in Γḡ and is normal in Γ. Therefore, we choose a τ
the existence of which is guaranteed by Proposition 3.2. This induces an extension of σ to Lḡ and we claim that
is equal to
To see this, recall that we have a finite morphism π :
ab and (3) is determined by the Aut(C/Lḡ)-orbit containing
in the fibre over
However, this orbit is the entire fibre F since
is surjective. Similarly, (2) is determined by the Aut(C/σ(Lḡ))-orbit containing
Our claim will follow, hence completing the proof, if we can show that this orbit is also the entire fibre and equal to σ(F ). To see this, choose an extension of σ to Aut(C/Lḡ). Let
equal to σ(y), where
and let τ ∈ Aut(C/σ(Lḡ)). Therefore, σ −1 τ σ ∈ Aut(C/Lḡ) and
Therefore, the homomorphism
In particular, it is surjective and the claim follows. Proof. (Theorem 4.9) Under our assumptions, the model p with the pregeometry cl p is a quasiminimal pregeometry structure and the class K(p) defined in [2] is quasiminimal. So, by the main result Theorem 2.2 of loc. cit., K(p) has a unique model (up to isomorphism) in each infinite cardinality. In particular, K(p) contains a unique model p 0 of cardinality ℵ 0 .
Let K be the class of models of Th
Thus, to prove the theorem we need to show that K ⊂ K(p).
By Lemma 4.10, K has a unique model q 0 of cardinality ℵ 0 . As a class of models of an L ω 1 ,ω -sentence, K is also an abstract elementary class with Lowenheim-Skolem number ℵ 0 . So, by the downward Lowenheim-Skolem theorem, every model in K is a direct limit of copies of the unique model of cardinality ℵ 0 (with elementary embeddings as morphisms). Finally, all the embeddings in K are closed with respect to the pregeometry. Therefore,
Arithmetic
Finally, we conclude the proof of Theorem 1.1 by proving the following modeltheoretic result: By Theorem 4.9, we must verify the Conditions 4.7 and 4.8 in the case that S is either a modular or Shimura curve. We treat first the case of a modular curve.
Conditions 4.7 and 4.8 for modular curves
Recall that G is GL 2 and X + is the upper half-plane H. The reflex field is Q whose maximal abelian extension Q ab is obtained by adjoining all roots of unity. Since K is contained in GL 2 (Ẑ), Γ is contained in SL 2 (Z).
Consider the quotients Γ(N)\Γ for those Γ(N) contained in Γ. For any tupleḡ := (e, g 1 , ..., g n ) of elements belonging to GL 2 (Q) + such that Γ g is a normal subgroup of Γ, and an N such that Γ(N) is contained in Γ g , we have a short exact sequence
If we letΓ
then, since the groups Γ g /Γ(N) are finite, the induced mapΓ → Γ is surjective, by the Mittag-Leffler condition. Let τ 1 , ..., τ m ∈ H be a collection of Hodge-generic points in distinct GL 2 (Q) + -orbits, inducing a homomorphism
where we denote by L the field generated over Q ab (Σ) by the coordinates of the p(τ i ). In the same way, the tower of modular curves associated to the Γ(N) gives rise to another homomorphism
and these two maps commute with the surjectionΓ → Γ. Therefore, if we show that (4) has finite index, then Condition 4.7 follows.
Note thatΓ is a finite index subgroup of SL 2 (Ẑ) and it is well known that we can associate with τ i an elliptic curve E i defined over Q(j i ), where
coming from the Galois representation on the Tate module of the product of the E i . In the case that the j i are algebraic, then the image of (5) is open by [17] , Theorem 3.5. Note that we are using a theorem of Faltings here that, because the E i are mutually non-isogenous (since the τ i belong to distinct GL 2 (Q) + -orbits), the systems of p-adic representations associated to any E i and E j do not become isomorphic over a finite extension. One may reduce to the case that the j i are algebraic by the usual specialisation arguments (see, for example, [16] , Remark 6.12).
We recall that SL 2 (Ẑ) m satisfies the condition of [17] , Lemma 3.4. If U denotes the open image of (5) If Q ab (Σ)(j 1 , ..., j m ) were an abelian extension of Q ab (j 1 , ..., j m )), then the image of Aut(C/Q ab (Σ)(j 1 , ..., j m )) would necessarily contain the commutator subgroup of U. However, it is also closed as a compact subset of a Hausdorff topological space. Therefore, it would be open and, therefore, of finite index. To conclude the proof we then restrict to Aut(C/L), which is clearly a finite index subgroup. Therefore, Condition 4.7 follows from the following lemma:
Proof. It clearly suffices to show that Q ab (Σ) is an abelian extension of Q ab . Note that Σ is the set of j(τ ) for all special points τ ∈ H. Any such τ generates an imaginary quadratic field Q(τ ) and Q(τ, j(τ )) is the Hilbert class field of Q(τ ). In particular it is abelian. On the other hand, since Q(τ ) is quadratic, it is contained in Q ab . Therefore, Q ab (j(τ )) is an abelian extension of Q ab . Since the compositum of abelian extensions is abelian, the result follows.
Therefore, it remains to verify Condition 4.8. To that end, we let F denote an algebraically closed subfield of C and assume that p(τ i ) / ∈ S(F ) for all i ∈ {1, ..., m}. Furthermore, we let L denote the field generated over F by the coordinates of the p(τ i ) and assume that the transcendence degree of L over F is 1. We return to the homomorphism (5) and make the following deductions: (c) We claim that the projection of the homomorphism
to the product of any two factors is surjective for almost all primes p. To see this note that the projection to any single factor is surjective for almost all primes by (b). Therefore, let
be a projection as in the claim. For almost all primes p, Goursat's Lemma states that the image is either full or its image in
is the graph of an isomorphism
where π 1 and π 2 denote the first and second projections, respectively. However, if p > 3, then SL 2 (F p )/{±e} is simple and so ker(π 1 ) and ker(π 2 ) are equal to SL 2 (F p ), {±e} or {e}. The latter two possibilities can occur for only finitely many primes since the projection of the homomorphism
to the product of any two factors is surjective for almost all primes and Aut(C/F (j 1 , ..., j m )) is normal in Aut(C/Q ab (j 1 , ..., j m ) by (a).
(d) The projection of the homomorphism
to the product of any two factors is surjective for almost all primes p by [18] , §6, Lemma 10 and (c).
(e) We claim that the projection of the homomorphism
to the product of any two factors has open image for all primes p. Indeed, for any such projection, let a p denote the Q p -lie algebra of the image of Aut(C/F (j 1 , ..., j m )) in
By (b), it is a Q p -lie subalgebra of sl 2 × sl 2 that surjects on to each factor. Therefore, as in [18] , §6, Lemma 7, either a p = sl 2 × sl 2 or it is the graph of a Q p -algebra isomorphism sl 2 ∼ = sl 2 . However, the latter is impossible using fact (a) that Aut(C/F (j 1 , ..., j m )) is a normal subgroup of Aut(C/Q ab (j 1 , ..., j m ).
Therefore, the image of the projection of the homomorphism
to the product of any two factors is open by (d) and (e). Therefore, the image of this homomorphism itself is open by [17] , Lemma 3.4 and Remark 3. Therefore, it is of finite index.
Conditions 4.7 and 4.8 for Shimura curves
Now we deal with Shimura curves. Recall that G is Res B/Q G m,B , where B is a quaternion division algebra over Q split at infinity and X + is again the upper half-plane H. The reflex field is also Q.
We can choose a basis of B such that, under the induced embedding of G in GL 4 , K is contained in GL 4 (Ẑ). Given this representation, we can define the principal congruence subgroups Γ(N) of G. We can also define the congruence subgroups of G in the usual way as those subgroups of G(Q) containing some Γ(N) as a subgroup of finite index. The latter notion does not depend on the representation, of course, and Γ is always a congruence subgroup. We define G ′ := G ∩ SL 4 , which is the group Res B/Q G m,B of norm 1 elements in B.
Let τ 1 , ..., τ m ∈ H be a collection of Hodge-generic points in distinct G(Q) + -orbits. Let L denote the field generated over Q ab (Σ) by the coordinates of the p i := p(τ i ). By abuse of notation, for any field F , we will denote by F (p 1 , . .., p m ) the field obtained from F by adjoining the coordinates of the p i . Exactly as before, we may pass to the homomorphism
Note thatΓ is an open subgroup of G ′ (A f ). Again one can associate with τ i an abelian surface A i with quaternionic multiplication defined over Q(p i ) such that (6) is the restriction of
coming from the Galois represention on the Tate module of the product of the A i . In the case that the p i are algebraic and m = 1, Ohta proved in [14] that the image of (7) was open. In the case that the p i are not algebraic, one can use specialisation arguments as before. A recent result of Cadoret (see [4] , Theorem 1.2) states that, in general, the image of (7) 
to the product of any two factors has open image can be proved using Ohta's result, precisely as in [18] , Lemme 7. By [17] , Lemma 3.4 and Remark 3, the image of (8) itself is open. Therefore, the result of Cadoret implies that the image of (7) Proof. Again, it suffices to show that Q ab (Σ) is an abelian extension of Q ab . A special point τ corresponds to an abelian surface that is isogenous to the square of an elliptic curve with complex multiplication by an imaginary quadratic field k. By a theorem of Shimura, k(p(τ )) is the Hilbert class field of k. Again, k is contained in Q ab so Q ab (p(τ )) is an abelian extension of Q ab . The claim follows after taking the compositum over all special points.
Therefore, it remains to verify Condition 4.8. Again, we let F denote an algebraically closed subfield of C and assume that p i / ∈ S(F ) for all i ∈ {1, ..., m}. Furthermore, we let L denote the field F (p 1 , ..., p m ) and assume that the transcendence degree of L over F is 1. We return to the homomorphism (7) and make the following deductions: 
By (b), it is a Q p -lie subalgebra of g × g that surjects on to each factor. Therefore, by Goursat's Lemma for algebras, either a p = g × g or the projections to either factor are proper two-sided ideals h 1 and h 2 of g and the image of a p in g/h 1 × g/h 2 is the graph of a Q p -algebra isomorphism g/h 1 ∼ = g/h 2 . However, the latter is impossible by (a) since the lie algebra of the image of Aut(C/Q ab (p 1 , ..., p m )) is g × g.
to the product of any two factors is open by (d) and (e). Therefore, the image of this homomorphism itself is open by [17] , Lemma 3.4, Remark 2 and Remark 3. Therefore, (6) has finite index.
Reduction to the torsion free case
Suppose that (G, X) is a Shimura datum and that Theorem 1.1 holds for any Shimura variety defined by a congruence subgroup that is torsion free in G ad (Q) + . Consider an arbitrary congruence subgroup Γ contained in G(Q) + that, nonetheless, gives rise to a locally symmetric variety Γ\X + with a canonical model S defined over E ab . We denote by p : X + → S(C) the usual map and consider another map q satisfying the standard fibres, special points and modularity conditions. One can choose finitely many elements g 1 , ..., g n ∈ G(Q) + such that
n Γg n is a congruence subgroup whose image in G ad (Q) + is torsion free. Therefore, Γ ′ \X + is a locally symmetric variety possessing a canonical model S ′ defined over E ab and the natural map
